An analogy can be made between the mechanisms of water transport in partially frozen soils and those in unsaturated soils. By use of this analogy a Darcia.n approach is applied to the analysis of coupled heat-fluid transport in porous media with freezing and thawing. With the aid of a numerical model, freezing-affected soil-water redistribution and infiltration to frozen soil are examined from a phenomenological-point of view, and the effects of soil type and initial conditions on the response of a hypothetical soil column are studied. In general, the model shows that the rate of upward redistribution of soil water to a freezing zone at the soil surface decreases from coarse-textured soils to fine-textured soils and decreases with in crease in depth to the water table. Subsequent redistribution during melting of the frost wedge is shown to occur at a rate less than that associated with freezing. Infiltration to par tially frozen soil is also shown to have a significant influence on soil-water redistribution and the response of the groundwater table.
Conceptually, water in soils at moisture con tents less than saturation can be visualized as occupying wedge-shaped volumes intercon nected by thin liquid films existing between clay platelets and on particle surfaces [Kemper, 1960] . Liquid transfer between wedge-shaped volumes and therefore through soil in general must take place through these films. Because the properties of these adsorbed films do not change signifi cantly with temperatures above 0°C, liquid transfer under a thermal gradient is assumed to be insignificant for most field and laboratory situations. The validity of this assumption for temperatures above 0°C has been confirmed by investigations using salt tracer techniques [Gurr et al,., 1952; Kuzmak and Sereda, 1957] . For temperatures below 0°C, however, Dirksen and Miller [1966] , among others, have shown the processes of water move ment in porous materials to be altered consid erably by the presence of an ice phase. In gen eral, the freezing process induces both heat and mass transfer from warm regions to cold re gions [Jumikis, 1958; Pal,mer, 1967] .
Observations of the behavior of soil-water systems have shown liquid water to exist as fi lms adsorbed on the surfaces of soil particles in equilibrium with ice at temperatures below 0°C, the normal freezing point of water. The thickness of these films has been shown to deCopyright © 1973 by the American Geophysical Union.
pend mainly on temperature [Anderson and Hoekstra, 1965b] and except for very dry soils to be nearly independent of total water con tent, that is, liquid water plus ice [Low et al,., 1968a; Williams, 1968] . The thickness of the liquid films decreases from 50 A or more at 0°C to about 9 A at -5°C; from -5°C to liquid nitrogen temperatures, film thickness de creases from about 9 A to 3 A [Anderson, 1968] .
When soil and water at a constant vapor pressure and temperature are in equilibrium, the resultant energy state, or soil-water poten tial, may be expressed by the Gibbs free energy rf,, namely, i/1 = (Rk/M)·ln a 1
(1) where R is the ideal gas constant, k is the abso lute temperature in degrees Kelvin, M is the molecular weight of water in grams, and a, is the activity of liquid water.
On the assumption that water vapor be haves as an ideal gas, the activity a, of liquid water is equal to the relative vapor pressure of water in equilibrium with soil at the tem perature and pressure of the system [Kijne and Taylor, 1964] . If the ice crystals forming in the soil pores have the properties of bulk ice (i.e., normal hexagonal ice crystals), the soil-water potential is fixed by the vapor pres sure of the ice for each temperature at which ice and liquid water are in equilibrium and [Anderson, 1968] .
Since the liquid water content in a partially frozen soil is mainly a function of temperature, a thermal gradient in a partially frozen soil is analogous to a water content gradient in an unsaturated homogeneous soil [Hoekstra, 1967] . Provided continuity of the unfrozen water films is maintained, liquid transfer under a tempera ture gradient should occur to the cold side at a rate dependent on the magnitude of the thermal gradient, the temperature of the system, and the surface or conducting area. If the continuity is broken, for example, through the formation of an ice lens, migration toward the cold side will be affected significantly.
For a partially frozen soil therefore the tem perature of the system places a 'physical re straint' on the mobility of water. Since the thickness of adsorbed films decreases directly with temperature, the hydraulic conductivity should also decrease with temperature below 0°C and should be nearly independent of total water content and porosity [Hoekstra, 1966] . It follows that the hydraulic conductivity of a partially frozen soil should be related to the energy state of the soil-water-ice system in much the same manner as the hydraulic con ductivity of an unsaturated soil is related to the soil-water pressure head. Although the hy draulic conductivity relationships should be similar for frozen and unfrozen materials, they are not necessarily identical.
From the foregoing discussion an analogy can be drawn between the mechanisms of water transport in unsaturated soil and those in par tially frozen soil. By use of this analogy a Darcian approach is applied from a hydrologic point of view to the mathematical description of the hydrodynamics of fluid transport in partially frozen soils. This approach is in sharp contrast, at least in the conceptual aspects, to the capillary model, widely used in studies of frost heaving phenomena. Specifi cally, the model as presented in this paper can be used to examine freezing-affected soil-water redistribution as well as infiltration into frozen soil. Although the main concern in this paper is with soil-water redistribution within the un frozen zone in close proximity to the freezing front, the model is equally applicable to anal ysis of water movement within the frozen zone itself.
MATHEMATICAL FORMULATION
The mathematical description of simultaneous heat and fluid transport in a partially frozen porous medium requires two systems of equa tions expressing the interrelationships among the laws of fluid and heat flow, the equations of continuity for mass and energy, and the characteristics of the fluids and medium in volved. Since analytic solutions to these equa tions are unavailable except for special cases, numerical or approximate techniques must be employed. The mathematical model described provides a finite difference solution to the one dimensional coupled heat-fluid flow problem with freezing and thawing in a homogeneous rigid porous medium. For generality, the mass and heat transport equations can also be formu lated in deforming coordinates, in which the velocity fields are defined in relation to soil par ticles rather than to a fixed point in space.
Mass transport equation. As was considered previously, at temperatures less than 0°C the energy state of liquid water in equilibrium with ice is a function of temperature, and except for very dry conditions it is independent of total water content. Consequently, the ice phase can be conceptualized as behaving as a sink, or source, whereby water is added to or removed from storage on the basis of predefined tem perature and energy balance criteria.
On the assumption that the air phase and vapor transfer have negligible effects on net water transfer, the generalized mass transport equation for one-dimensional steady or un steady flow in a saturated or partially saturated heterogeneous porous medium with freezing or thawing can be written as a [ acf, J ax Pi K(x, T, r) ax a(P181) + t::.S (2) a t where x, position coordinate, centimeters; t, time, minutes; p 1 , density of liquid fraction, gm cm-3 ; 9 1 , volumetric liquid fraction, cm 3 cm-3 ; K, 'effective' hydraulic conductivity, cm min-1 ; T, temperature, °C; </>, total head, centimeters; .,., matrix or capillary pressure head, centimeters; ll.S, change in ice per unit volume per unit time, gm cm-3 min-1 • The total head cf, is defined by [Rose, 1966] cf,=�+a+z
where If is the Gibbs free energy or soil-water potential and combines the osmotic and matrix or capillary pressure heads, G is the pneumatic pressure head, and Z is the elevation head.
For this study the effect of variation in pneu matic and osmotic pressure heads on mass transfer is assumed to be negligible.
The effective hydraulic conductivity K is de fined as a function of position x, temperature T, and the matrix or capillary pressure head T. Implicit in this definition are the assumptions that the osmotic pressure head is more or less constant over the region of interest and negli gible in relation to the matrix or capillary pressure head.
Heat transport equation. For the case in which convective heat transport associated with movement of the gaseous phase is small and its effect on net heat transfer is negligible, the one-dimensional steady or nonsteady convec tion-conduction heat transport equation may be written as [Harlan, 1971] a [ ar J ax X(x, T, t ) ax The apparent volumetric specific heat, in corporating the latent heat of fusion, is defined by
where H, volumetric specific heat capacity, cal cm-3 0 c-1; Lo, latent heat of fusion, cal gm-1 ; 9 . , volumetric ice fraction, cm 3 cm-3 ; p., ice density, gm cm-
•
The volumetric specific heat capacity H as de fined here incorporates the specific heat of the soil material, the specific heat of the liquid water fraction, and the specific heat of the ice fraction.
The 
NUMERICAL SOLUTION
When a change of phase, i.e., freezing or thawing, is involved, the heat and fluid flow fields are interdependent, and a change in direc tion or intensity of one field effects a change in the other. As a result of this interdependency, the heat flow and fluid flow equations are coupled mathematically through the 'phase change component.' An optimization procedure therefore must be incorporated into the com putational scheme, and a solution must be iterated between the heat transfer equation and the mass transfer equation. To implement the solution of these equations, a fully implicit finite difference scheme is employed.
For the region of interest in the time-space domain, a rectangular grid system with variable mesh spacing is used to discretize the boundary value problem. The solution in terms of the temperature, soil-water potential, ice content, and mass flux velocity distributions is advanced from known values of these distributions at t = n -1 to unknown values at t = n.
For an interior node (j, n), where j is the spatial node and n is the time increment, the appropriate finite difference approximation for the mass transport equation (2) 
SoIL PROPERTIES
In general, available data on the physical, thermal, and hydraulic transmission properties of frozen and partially frozen soils are inade quate to permit the quantitive comparison of field or laboratory observations with the pre dicted theoretical soil profile response. In most field or laboratory studies involving freezing, for example, the soil profile is described only qualitatively, if it is described at all, and essen tially no data on the physical or thermal prop erties are reported.
Consequently, for this study the storage and lations presented here, k, was taken as 1 for all i.
RESULTS
Freezing-affected soil-water redistribution. The effect of the soil type and the initial depth to a free water surface on upward redistribu tion of soil water to a freezing front is shown in Figure 2 . For each soil the initial soil-water content distribution at t = 0 was taken as the equilibrium no-flux condition for the specified initial position of the groundwater table, that is, 100 or 200 cm below the soil surface. The total depth of the profile for all runs was taken as 500 cm. The initial temperature at all depths in the profile and the basal temperature bound ary condition for all times were + l.0°C. The surface temperature boundary condition was varied as is shown in Figure 2 (inset). To liinit changes within the soil profile to those asso ciated directly with freezing and subsequent thawing, the soil profile was treated as a closed system, and thus mass transfer across the soil boundaries was excluded.
Although the general pattern of soil-water redistribution as affected by freezing is siinilar for all soils and for both initial water table positions (Figure 2) , there are significant differences in both the rate and the magnitude of the response. First, the magnitude of the effect of upward soil-water Inigration to the freezing front on groundwater levels decreases from coarse-textured soils to fine-textured soils and with increase in depth to the water table. An increase in initial depth to the water table from  100 to for Yolo clay. For Yolo clay, redistribution is restricted mainly to the upper 50 cm of the soil profile. The 0°C isotherm at t = 1440 min was between 5 and 10 cm for all profiles and was highly affected by convective heat transport associated with water migration to the freezing zone.
The total head profiles corresponding to the water content profiles at t = 1440 min shown in Soil-water redistribution associated with thawing. The soil -water redistribution pattern during the thawing of the frost wedge is shown in Figure 4 for Geary silt loam. The initial con ditions at t = 0 at the start of the thaw period were taken as the final conditions at t = 1440 min for Geary silt loam, the initial water table depth being 100 cm below the soil surface (Figure 2 ). The surface temperature boundary condition as a function of time is shown in Figure 4 (inset ).
Upward redistribution of soil water, as re flected by both a gradual decline in ground watC'r levels and thP persistence of upward gra dients in the total hPad profiles, continues fol lowing the initiation of thawing (Figure 4) . The ratP nt which the water table continues to d!'cline, however, decrenses with time to t = 6120 min (414 days ), at which time the water level begins to rise. As can be seen from the total head profile, the direction of .water move ment within the soil profile is upward from the water table at t = 0, 1440, and 2880 min and downward to the water table at t = 7200 min.
Wherens the Del :VTonte sand profilr responds more rnpidly than the Geary silt loam profile for a similar initial water table d!'pth, the Yolo clay profile responds more slowly to freezing or thawing.
The effect of the simultaneous occurrence of infiltration and thawing of the frost wedge on the redistribution of soil wnter within the pro file and to the water table ii; illustrated in Figure 5 for a Del Monte sand profile. The water content and total head distributions shown are for t = 0 and t = 4320 min. The initial conditions at t = 0 were taken as the final conditions at t = 1440 min in Figure 2 for Del Monte sand and an initial water table depth of 200 cm. The surface temperature boundary conditions are as shown in Figure 5 (inset ). A constant infiltration rate R was ini tiated at the same time that the surface t!lm perature boundary conditions reached 0.0°C. In general, the rate at which groundwater 8.54 cm. The temperature of the water applied at the surface was taken as 0.0°C, snowmelt thus being simulated. For Geary silt loam the time of occurrence of maximum water table drawdown was ad vanced from t = 6120 min (4% days) to t = 2400 min (1% days) by applying water at 0.0°C on the surface at a rate of 0.0005 cm min -1 and allowing infiltration to take place under the prevailing soil conditions. At the rates at which water was applied, ponding did not occur for either the Del Monte sand or the Geary silt loam soils. Ponding did occur, how ever, for Yolo clay.
SUMMARY AND CONCLUSIONS
In this paper a mathematical model based on the analogy between liquid transfer in partially frozen soils and that in unsaturated soils is presented and applied to the analysis of coupled heat-fluid transfer phenomena in partially frozen soil. Because of the unavailability of reliable data on physical, thermal, and hy draulic transmission properties of partially frozen soils, it was unfortunately not possible to carry out a quantitative comparison of ob served and simulated profile responses. Never theless, the results as presented are in good qualitative agreement with both field observa tions and laboratory observations [ e.g., Benz et al., 1968 ; Hoekstra, 1966 ; Meyer, 1960 ; Schneider, 1961] .
The freezing process induces the movement of both heat and mass from warm regions to cold regions. As freezing takes place, the mois ture content in the unfrozen soil zone decreases sharply toward the freezing front, water mi grating to the cold side. Of the factors influenc ing migration to the cold side, soil texture and initial moisture conditions as they affect the availability and mobility of water within the profile are shown to be of importance. For a constant initial depth to a free water surface the magnitude of the effect on water table recession of upward soil-water migration to a freezing zone decreases from coarse-textured soils to fine-textured soils. For a given soil the effect is decreased also as the initial depth to the water table is increased. Further, the area affected by soil-water redistribution is increas ingly restricted to that in closer proximity to the freezing front as the soil texture becomes finer and as the initial moisture contents are reduced.
